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ABSTRACT

In this paper, we study a class of fractional hybrid integro-differential equations in a Banach algebra whose dual
space is uniformly convex. The problem is formulated within an abstract framework involving a Riemann-Liouville
fractional derivative, an unbounded linear operator generating an analytic semigroup, and a nonlinear Volterra-type
integral term. By using Rothe’s method, we establish the existence and uniqueness of a strong solution. An
illustrative example is included to demonstrate the applicability of the theoretical results.
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1 Introduction

Fractional calculus is an important branch of mathematics that generalizes the classical concepts of differen-
tiation and integration to non-integer orders. Over the past few decades, it has become a powerful tool for
modeling systems with memory and hereditary properties. Fractional order models provide a more accurate
description of various physical and engineering phenomena, including viscoelasticity, anomalous diffusion,
control theory, signal processing, and biological processes. Consequently, there has been significant interest
in the theoretical study of fractional differential and integro-differential equations, particularly concerning
the existence, uniqueness, and qualitative behavior of their solutions. See [1-6].

In parallel, considerable attention has been devoted to nonlinear differential equations with perturbations,
commonly referred to as hybrid differential equations. A comprehensive overview of different kinds of pertur-
bations affecting nonlinear differential and integral equations is provided by Dhage and Lakshmikantham [7].
Fundamental results concerning the existence of solutions to such hybrid equations have been established
using hybrid fixed point theory. For further details, we refer to [8, 9] and the references cited therein.

Rothe’s method, introduced in 1930 by Rothe [10], has played a significant role in the study of a wide range
of mathematical problems and has been widely adopted for solving various types of differential equations. Its
applications are particularly notable in the analysis of both integer and fractional order differential equations.
Recognized as a reliable and practical tool, Rothe’s method provides an effective numerical framework for
approximating solutions to partial differential equations.

The fundamental idea of Rothe’s method is to discretize the time domain using an appropriate scheme
and evaluate the problem at uniformly spaced time levels. The solution over the entire time interval is
then approximated through linear interpolation, and the resulting sequence of approximations is commonly
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referred to as Rothe’s functions. This approach transforms the original time-dependent problem into a
sequence of simpler problems. By analyzing the limit of these approximations, the solution of the original
problem can be obtained. Initially developed for the numerical treatment of parabolic differential equations
in one spatial dimension [10], Rothe’s method has since been extended to a broad class of mathematical
models. Further details and applications of Rothe’s method can be found in [11-13, 26].

In 2011, Ashyralyev [14] studied the following initial value problem,

dy

7 + Dy joy(t) + Ay(t) = f(t), for 0 <t <1,

y(0) =0,

within a Banach space, where A is a strongly positive operator and D% denotes the Riemann-Liouville
fractional derivative of order % He established that this fractional initial value problem is well-posed. This
type of fractional differential equation is associated with the classical Basset problem, which arises in fluid
dynamics to describe the unsteady motion of a particle accelerating in a viscous fluid under gravitational
force.

Several researchers have explored both analytical and numerical approaches for solving integro-differential
equations involving fractional derivatives. In 2011, Awawdeh et al. [15] developed an analytical approach
based on the homotopy analysis method to solve a class of fractional integro-differential equations. Subse-
quently, in 2013, Jingjun Zhao et al. [16] employed piecewise polynomial collocation techniques to address
fractional integro-differential equations with weakly singular kernels. In 2016, Thabet and Dhakne [17]
investigated the stability, existence, and uniqueness of solutions to fractional integro-differential equations
involving the Caputo derivative in Banach spaces. Their analysis utilized the Darbo-Sadovskii fixed point
theorem in conjunction with Hausdorff’s measure of non-compactness. Inspired by the work of Ashyralyav [14],
Bahuguna and Anjali [6] established the existence and uniqueness of strong solutions for a class of fractional
differential equations in 2019. For more details, see [18-22].

Despite these developments, most existing works treat fractional differential equations, hybrid differential
equations, and integro-differential equations separately, and primarily rely on fixed point method. In
particular, the application of Rothe’s time semi-discretization method to fractional hybrid integro-differential
equations in Banach algebra have not been sufficiently explored.

The main objective of the present work is to address this gap by studying a class of fractional hybrid
integro-differential equations in a Banach algebra whose dual space is uniformly convex. The problem involves
a Riemann—Liouville fractional derivative of order a € (0, 1), an unbounded linear operator generating an
analytic semigroup of contractions, and a nonlinear Volterra-type integral term. By employing Rothe’s
method as an analytical tool, together with semigroup theory and appropriate estimates, we establish the
existence and uniqueness of strong solutions under suitable Lipschitz-type conditions. This approach provides
an alternative framework to the classical fixed point methods commonly used in the literature. It is worth
emphasizing that the semi-discretization method is used purely for analytical purposes, and no numerical
implementation is considered in this study.

Motivated by the above-mentioned literature, we consider the following fractional hybrid integro-
differential equation

i @ : @ ult) = t —x)k(z,u(x))dx
dt(f(t))” (f(t)>+A(t) 9<f>+/0p<t k(, u())dz,

u(0) =0,

in a Banach algebra B, whose dual B* is uniformly convex. The operator —A is assumed to be the
infinitesimal generator of an analytic semigroup of contractions on B. The derivative D% denotes the
Riemann-Liouville fractional derivative of order o € (0,1). The function f : [0,7] — R\ {0} is assumed to
be continuous, while ¢ : [0,7] — B is a continuous function. Furthermore, p : [0,7] — R is a real-valued
function, and & : [0,7] x B — B is a nonlinear mapping.

The paper is organized as follows. In Section 2, we present the necessary definitions and preliminary
results of fractional calculus. Section 3 focuses on developing the semi-discrete scheme and establishing
essential estimates for the solution. In Section 4, we establish the main results concerning the existence
and uniqueness of solutions. Finally, in Section 5, an illustrative example is provided to demonstrate the
applicability of the theoretical results.
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2 Assumptions and preliminaries

In this section, we review some key concepts, definitions, and fundamental results from fractional calculus.
We also present several lemmas and hypotheses that will be used in the subsequent analysis.

Definition 2.1. [5] The Riemann-Liouville fractional integral of order a > 0 for a function g € L*((0,T); B)
is given by the following definition

agpy— L1 gl
I g(t)F(a)/O (t—x)l—ad , t>0.

Definition 2.2. [5] The Riemann-Liouville fractional derivative of order 0 < « < 1 for a function
g € L*((0,T); B) is defined as follows

o L d [t g()
b g(t)_r(pa)%/o ST

Lemma 2.3. [6] Assume that the sequences &y, Yn and z, are nonnegative and

Ty < yp + Z zpxy form >0,
0<k<n

then

T < Yp + Z ykzkexp< Z zj) form > 0.

0<k<n k<j<n

Lemma 2.4. [6] Suppose that f(t) is a continuous, positive, and monotonically increasing function on
the interval [0,T] and let y(t) be a non-negative function that is continuous (or piecewise continuous) on
the interval (0,T]. Assume that there exist constants A1 > 0, Az >0 and o with 0 < a < 1 such that the
inequality

t
y(t) < Avf(£) + Ay / V) g te o,
o (t—s)"
holds. Thus, y(t) < Cf(t) for some constant C.

Lemma 2.5. [23] We now define the sequence b; by b; = (i + 1)1 7% — 1=,
fori=1,2,...

1. b; > bi+1, = 1,27...

2. by = 1.

3. Let 0 < a < 1 and i be a nonnegative integer, then there exists a constant C, > 0, which depends only
on « such that the inequality below holds,

(i 4+ 1) —i* < Culi+ 1)* 7,
where Co, = max {1,027},

Lemma 2.6. [2/] If a Cy semigroup of contractions has an infinitesimal generator, —A, then A is m-
accretive; that is

(i) (Au, J(u)) >0, Vue€ D(A), where J denotes the dual map,
(i) R(I + A\A) = B for A > 0.
Throughout the analysis, we assume that the following hypotheses hold.
(H1) Let ¢ : [0,7] — B be a continuous function satisfying the Lipschitz condition,
lg(t1) = g(t2) || < Lglts — 2],

for all t1,t2 € [0,T] and L, > 0 remains constant.
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(H2) Let p : [0,7] — R be a Lipschitz continuous function. Then there exists a constant L, > 0
such that
|p(t1) —p(t2)| < Lp‘tl — t2|, for all t1,t5 € [O,T]

(H3) The operator (I + A)~! is compact.
(H4) Assume that k : [0,7] x B — B is continuous and Lipschitz continuous with respect to both
variables, i.e.,
([, ur) = K(ta, uo) || < Li([tr — ta| + [ur — ual]),
for all ¢1,ty € [0,T] and uy,us € B.
(H5) The function f(¢) is bounded on [0,T] and ||f|| < M, where M is a constant. Moreover, there
exists a constant m > 0 such that
inf t)| >m > 0.
Bt [f @] =m

(H6) —A generates a Cyp- semigroup of contractions.

Again, we consider our following fractional hybrid integro-differential equations,

% @ : @ ult) = t —2)k(z,u(z))dx
dt(f(t)>+D (f(t)>+A(t) 9(75)+/0P(t Vk(z,u(z))de, 0 < t < T, (1)

in a Banach algebra B. We put

or equivalently,

Consequently, equations (1) and (2) become:

(i(v(t)) + D%(w(t)) + Af(t)v(t) = g(t) —|—/ p(t — x)k(z, f(z)v(x))de, 0 <t <T, (3)
0

in a Banach algebra B.

3 Discretization scheme and a-priori estimates

In this section, we construct a time semi-discrete scheme for the given problem (1)-(2) using Rothe’s method
and derive the necessary a priori estimates for the approximate solutions.

3.1 Time Discretization

We divide the interval [0, T] into n equal subintervals of length h,, = L. Define the discrete time levels by

L
" =ih,, i=1,2,...,N.

K2

Let v} denote the approximation of the solution v(¢) at time ¢.

3.2 L1 Method for the Fractional Derivative

At each time ¢ = tP, the Riemann-Liouville fractional derivative is approximated (see [25]) as

1 : vl =iy
D%(t7?) ~ bi,' J J hl e}

[
=1
h—Oé

where by = (I 4+1)' 7% = I'"* and d}" = bi,jﬁ.
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3.3 Construction of the Semi-Discrete Scheme

We now construct the semi-discrete version of the problem (3)-(4). In t = t}, we substitute Eqs. (3)-(4)
with the following approximate equations:

n n Jj—1
VE— Uiy
T AL £ D = g+ ha ik 9
n i=0
vg =0, (7)

where, g7 = g(t}), p}; = p(t} — 1), f' = f(t}) and Kk} = Kk(t}, fl'vF).

The m-accretivity of A ensures the existence and uniqueness of v}’ € D(A) satisfying equations (6)—(7).

3.4 A Priori Estimates

Before establishing the main result, we derive some preliminary results required for the proof.

Lemma 3.1. Suppose that the assumptions (H1)-(H6) hold. Then there exists a positive constant C,
independent of j, h and n such that

il < C; for j=1,2,...,n

Proof. Taking j =1 in equation (6), we get

vy — vy n n n .n
1h &+ AfPol + D = gl + haplokd,
. of Lo,
T + Afivr + T2—a) hn @ = g1 + haploke -

Rearranging the above equation, we obtain

11—«

hTL n n,n
(1 * 1“(2—@)) of + ha Aff 07 = hagt + hipioks -

Using the accretivity of A, we obtain

hi—e
(1 . w) 21l < hllg? | + A2 IIpSoRE

Since (1 + %) > 1, it follows that
[P < hnllgrll + B lIpioks |-

For j > 2, applying (5) in (6), we obtain

n n j—1

1}4—1}
S A D = g 4 b Y DT
n i=0
Jj—1 j—1
= 0} + hn ASJO] + hnd} "0} =07+ Bog} 4 hn Y (A — dPP + B2 phkT!
i=1 =0

— (1 had)™) 0] + Ry AL =0y + g + B Z(d{”l @) +h22pﬂk".

Using the accretivity of A and the inequality [[v}|| < (1 + hndin)HUJ”H, we obtain

J—1 J—1
ol < U=l + Aallg 1+ o > (2 = @7 ) o]+ B2 S Il
i=1 i=0
J—1 ) j—1
< 05 ll + allg 1+ B D (2 = @) o]+ poh 3 [

i=1
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Let pg = max |p(¢t)|. By hypothesis (H4), we have
Jopl < ool + g+ B > (i = ™) 1o
=1

+ pohn (IIkollT + LiT? + Lihn M ([0 + - + [[0f 4 ]]) )

< o (11g3 1| + pollkoll + LT?) + (1 + Lipoh M + h (™ = a7 ) ) [0 |

j—2
by (@ = & + Lipoha M ) |07 ®)

=1

Define . )
G; = ha(llg? | + pollkoll + LiT?),  Pj_1 =1+ Lypoh2 M + hy(d2" — d2™)

and , )

Py = ho(d}fy — ™) + Lipohi, M, fori=1,...,j —2.
Then,

Jj—1
S° P=>ha (@ = dl") + (G = 1) LipohEM + 1
=1

1<i<j
= ho (7" = d™) + (G = D Lipoh2 M + 1.
Now, applying Lemma 2.3 in (8), we conclude that there exists a constant C' > 0 such that

|lojll < C.

We now define

51}’-‘:7]-7, for j=1,2,...,n.

Lemma 3.2. Assuming that hypotheses (H1)-(H6) hold. Then there exists a constant Cy > 0, independent
of j,h and n, such that
[ov7|| < Cy, j=1,2,...,n.
Proof. For j =1 in equation (6), we obtain
vr — g
'2—a) he

n

S S

= g1 + hupioky,

i.e.,

hiia vy — vy n,n n n 1.n
<1+I‘(2—a)) 1hn &+ Aol = i + hapioks.

Using the accretivity of A, we obtain

16011l < llgt' [l + hnpol[Koll-

For j > 2, subtracting equation (6) at j — 1 from equation (6) at j, we obtain:

v —ul g Vi — U
g I= Afj”v? _ Af]ﬂ_lv;l_l + DO‘U? — Do‘v?_l = J= J=2 Jrg;l — g;%_l
ho, b,
j—1 ji—2
+ hy, Zp}%? —hn ZP}Luk?' (9)
i=0 i=0
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Substituting equation (5) into equation (9), we get

Y + AT — AT+ hgli_a(svn ="+ ;ij TN S
B TR ) T T T T2 a) &
1 - npl—o n
_F(Tllbj i0v'h,, +gJ—gjl
j—2
+ hapf; 1 Ky + e Z(p?z — i1k
=0
Hence,
hl-o hl-a
(1+F(2_a)>5v + Afjvi — Af} 10?1:<1+(b0_b1)lw)6v 97— 97
j—2
+ hnp}j 1k 1 + hn Z(p?z —Pi_1)k]
i=0

j—2

-«

> (bjo1i = bj_i)ovhy e
2—a =

Using the accretivity of A, together with hypotheses (H1)-(H6) and Lemma 3.1, we obtain

ovy ]| < <1 + (bo — bl)@“)) lovi_1 | + llg7 — gi—1 1l + hnpollk]_1 ||

j—2 j—2
+hn Y (P = py-il) B+ mrg oy 2 (b1 = bi=a) 07 [~
i=0 1:1
hl—a
<14 (bg —by)=—= ) |00 Lyhy,
> < +(0 I)F(ZO[))H v]71||+ g

1 12
S bi 1 — bi_)||6v*||h = + h,,C.
+F(2—C¥) ;(] 1 J )” 1]7, || n + C

Therefore, by applying Lemma 2.3, we conclude that there exists a constant C7 > 0 such that
|60 (| < Ch.
[ |

Lemma 3.3. Assume that hypotheses (H1)-(HG) are satisfied. Then there exist constants Co > 0 and
Cs3 > 0, independent of j, h and n, such that

D} || < Cy and ||Afj 07| < Cs,  forj=1,2,...,n
Proof. We first recall that

1 J
D = —— bi_jovlhl=e,
U] 1-\(2 _ a) ; J Ui Ry

Using Lemma 2.5 together with Lemma 3.2, we obtain

0.0 & B
D" <
I UJH_ INOES ; [(F—i+1)h,]>
C.Cy ]/t?‘ ds
< o7
_F(Q—a); n (tj—s)a
c.o
_F2—a
CaClTla B
EENCED Ca.
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Next, applying the triangle inequality together with equation (6), Lemma 3.1, Lemma 3.2, and assumption
(H4), we obtain

i
AFF o3I < gyl + 18051+ ID*0 | + hapo Y K7 < Cs.

=1

We now introduce a sequence of functions Y™ : [0,7] — D(A) defined by

Y = {0, t=0,

vl e (thy,th).

Furthermore, we define Rothe’s sequence Z™ : [0,T] — D(A) by

n . Vo, t= O,
Zn(t) = {Un 4+ i (vr—vm ), te (17
Jj—1 hap J J=1/> J—=1 o5l

Remark 1. From Lemma 3.1 and Lemma 3.2, it follows that the functions Z™(¢) is uniformly Lipschitz
continuous on [0, T']. Moreover, as n — 0o, we have

Z"t)-Y"(t) =0 in B, for te (0,7
In addition, both sequences Z"(t) and Y™(¢) are uniformly bounded in B.
Next, we introduce a sequence of step functions D*Z™ : [0,T] — B defined by
0, t=0,

j (v —viq) AL
( 3:153‘—%' hon : F(2—a))’ te(t?fl’t?]'

DZ"(t) = {

Lemma 3.4. Asn — oo, ||[D*Z"(t) — D*Z"(t)|| — 0 uniformly on (0,T].
Proof. Given any ¢, there exists a j such that ¢ € (¢]_;,t}]. Therefore
|D*z™(t) — D*Z™(t)||

n =1 n

J n l1—a n
v — U, h 1 ot
= b i—1 n B 7 i—1 t_ l-a L 1—a

[ ;:1 ™t h, T(2-a) T2-a) Z B [( 1) (t—t7)' ]

i=1

v =l (t— t?_l)l_o‘

hn I'2-a)

1 -

= I'2-a) ;
1

I'2-a)

¢ [tl—a _ (t _ t?_l)l—a _ ( ;L)l—a _ hk—a]

STe—a
c

n
v — v
hn

—
v — vl

n
i—1

[(E =t )7 = (=) = (( =i+ Dhn) ™ + (G — 1)ha) ' 7]

+ [y = (t = 71)' 7]

n

hlme 4 () -]

L2-a)

< ———hl7* =0 .
STa—a —0 asn — o0
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Lemma 3.5. A subsequence {Z™} of {Z™} exists, along with a function v : [0,T] — D(A) such that
Z™ — v in C([0,T], B) and AY"™ (t) — Av(t) uniformly in B as n — oo. Moreover, Av(t) is weakly
continuous.

Proof. The proof follows as a consequence of Theorem 2.1 and Lemma 2.3 in [26]. n

Lemma 3.6. There exists a subsequence {Z™} of {Z™} such that, as n — oo,

d- d _
Eznkédi; and D°Z™ — D% in L([0,T], B).

Proof. Since D*Z"(t) is uniformly bounded in L?([0,T], B), there exists a subsequence D*Z"*(t) and a
function ¢ € L2([0,T], B) such that

D*Z™ — ) in L*([0,T], B).

Define ¢™ : [0,T] — B by

6t = 02 (t) = — )/0 (Zn(s) ds.

For t € (0,t}), we have

Z(t)zvo“‘TO(Ul_Uo):*Ur

Therefore,
T ot s 1 o
") = L ds = ovt T,
9" (¢) F(l—a)hn/o(t—s)“ y I'3—a) i

Since Jv7 is bounded, it follows that ¢™(04) = 0 for all n.

For b* € B*, we observe that
t
@ (0).0) = [ (D2 (5), ).
0

As Z™ — v in C(]0,T], B), it follows that

- 1 b o(s)
) (t)—>l"(1—a)/0 (t_s)ads, as k — oo.

Taking the limit as k — co, we obtain

<r<11 @) /Ot (tv(ss,))ad37b*> = /Ot ((s), b*) ds.

Therefore T
1 d v(s
)= ———— d
vt I‘(l—a)dt/o t—spe”®
Analogously, it follows that ‘fi—;Z”’c - % in L2([0,T), B). |

Remark 2. Asn — co, D*Z™ — D% in L%([0,T], B) .

We now introduce the sequence of functions K™(t) defined by

K"(t) _ hnplOkOa t=0,
hn Y2020 pjiki, t€ (71, 7]

Lemma 3.7. For a piecewise continuous function y(t), we define

K(y)(t) = / Pt — $)k(s, f(3)y(s))ds,

Then, as n — oo, K"(t) converges uniformly to K(v)(t) on the interval [0,T].
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Proof. The result follows from Lemma 2.4 in [26]. |
Lemma 3.8. In [0,T], Af(t)v(t) is Bochner integrable.
Proof. The proof follows from Theorem 2.1 in [27]. |

Next, we define the step functions ¢"(t) and f™(¢) as follows
and

4 Main results

The following theorem will give the existence and uniqueness of strong solution of the differential equation
(1)-(2).

Theorem 4.1. Suppose that — A is the infinitesimal generator of an analytic semigroup of contractions and
the assumptions (H1) - (H6) are satisfied. Then, the fractional hybrid integro-differential equation (1)-(2)
has a unique strong solution.

Proof. Existence: First, we recall the notation Z"(t), f™(t), Y"™(¢), ¢"(¢t), and K"(t). Then, equation (6)
can be rewritten as

L2 6) + AP OY"(0) + DZ(1) = g"(1) + K1),

where 4 denotes the left derivative in the interval (0,7]. For any t € (0,7, we obtain
¢ ¢
/ Af*(s)Y™(s)ds = —Z"(t) —|—/ 9" (s)ds
0 0
¢ t
+/ K"(s)ds —/ DYZ"(s)ds. (10)
0 0

Since B* be the dual space of B. For every b* € B*, we have
/Ot<Af”(s)Y"(s),b*> ds = —(Z"(8),b°) + /Ot<g"(s) + K" (s),b%) ds
- /Otu’)azn(s), b*) ds.
Now consider a subsequence nj of n. Then

/ (Af™ ()Y (5),b%) ds = —(Z™ (1), b") + / (g™ (5) + K™ (s),b7) ds
0 0

- /t<DaZ"k(s),b*> ds.
0

We recall the Bounded Convergence Theorem for Banach space-valued functions, which states that if {f,}
converges almost everywhere to f and is uniformly bounded on a set of finite measure, then

/andu%/xfdp in B.

Applying this theorem together with Lemma 3.5, Lemma 3.7, and Remark 2, we obtain, as k — oo,
t t
[ s vy ds = —wo.b) + [ (ol + Kols).07) ds
0 0
t
- / (D%v(s),b") ds. (11)
0
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By Lemma 3.5, Z"*(t) — v(t) in C([0,T], B) and AY™*(t) — Av(t) uniformly on [0, T]. Moreover, Lemma
3.7 ensures that K™ (t) converges uniformly to K (v)(t) on [0, T], while Remark 2 yields D*Z™ — D% in
L?([0,T], B).

Since
/O (D%u(s), b*)ds = (I'=“v(t), b").

Equation (11) can be rewritten as

(o(t) +1'"%0(t),b") :—/ <Af(8)v(8)7b*>d8+/ (9(s) + K(v)(s),b")ds.
0 0

Since the integrands are continuous and uniformly bounded on the right-hand side for each b* € B*, it
follows that (v(t) + I'=%v(t),b*) is continuously differentiable. Moreover, v(t) + I*~%v(t) possesses a strong
derivative almost everywhere on [0, T], since Af(t)v(¢t) is Bochner integrable. Consequently,

d

pn (v(t) + I'"*v(t)) = —Af(t)v(t) + g(t) —l—/o p(t — 8)k(s, f(s)v(s))ds, a.e. on [0,T].

Since v(t) is continuous, the fractional integral I'=®v(t) is differentiable [28], which implies that v(t) is
differentiable. Therefore,

% + D%(t) + Af(t)v(t) = g(t) —|—/ p(t — $)k(s, f(s)v(s))ds, ae. te][0,T].
0

Thus, v(t) is a strong solution of the problem (3)-(4).

Uniqueness: Let v; and v2 be two strong solutions of the problem (3)-(4). Then

% + D% (t) + Af(t)oi (t) = g(t) + / p(t = s)k(s, f(s)vi(s)) ds, ae. t€[0,T].
0

and

% + D%y(t) + Af(t)va(t) = g(t) +/ p(t — 8)k(s, f(s)va(s))ds, ae. te[0,T).
0

Put w = v; — v3. Then,

dw

o T D) + Afw(t) = /O p(t = 5)(k(s, f(s)vi(s)) — k(s, f(s)v2(s)))ds.

Define
G(t) = /0 p(t —s) (k(s, f(s)v1(s)) = k(s, f(s)v2(s))) ds.

Let T'(t) be the semigroup generated by —A. Since —A generates a strongly continuous semigroup and the
associated terms are Bochner integrable, we obtain

w(t) = —/0 T(t — s)D%w(s)ds +/O T(t — s)G(s)ds. (12)

As w(t) is differentiable almost everywhere and —A be the infinitesimal generator of an analytic semigroup,
differentiating (12) with respect to ¢, and using the property £7T'(t) = AT(t), we get

w'(t) = —D%w(t) + G(t) + /Ot AT (t — s)D*w(s) ds

_ / "AT(t — $)C(s) ds. (13)
0
By definition 2.2,
o B 1 d Eow(p) _ 1 b (p)
DO = gy ) T = e 44
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Substituting Equation (13) into Equation (14), we obtain

D*u(t) = /t( Dru) + Gl

(1 - a) (t— s)
— §)D*
Ti—a) / / P s)D%w(s)dpds
- — AT (p — s)G(s) dpds. 15
ru—a>All<t—mw (v~ $)G(s) dp (15)
By Theorem 2.1 in [14], there exists a constant M; > 0 such that

ol <&
AT(p—s)d, 16
|ras [ arare-aw] < 2 1o

Using (15) and (16), we obtain

Do H<M/nm<wd+M/WG

D t—s)

Next, we estimate ||G(t)| using assumption (H4),
IG@ Spo/o [[k(s, fs)vi(s)) — k(s, f(s)va(s))]| ds

t
SumM/Hm®—w@W@
0
< LppoMT||wll¢, po = max |p(t)],

in which ||w||; = sup |Jw(s)|. Thus,
0<s<t

t .
D M, LipoMT#' =2
|Dw(t)|| < Aplw|. +M1/ Md& where A; — ~J1EkPo .
o (t—s)* l—«

By Lemma 2.4, it follows that
[1D%w(®)|| < Cllwl;.

Using the accretivity of A, we obtain
<dlfl§t)7 Jw(t)> = (G(t) — D*w(t) — Af(t)w(t), Jw(t))
(G(t) = D*w(t), Jw(t))

<
< (IGOI + 1D w (&) DIfw ()|
< My|wl. (17)

Since

Now integrating equation (17) over [0,t], we get

o < 200 [ s
Therefore .
Jwlf <2, [ fwlas
Applying Gronwall’s inequality, we conclude that
lwlle =0 forall ¢ € [0,T].
Therefore, w(t) = 0 i.e. v1(t) —v2(t) =0 = wv1(t) = va(t). This proves the uniqueness of the strong

solution of the problem (3)-(4). This completes the proof of the theorem. [ |
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5 Example

We consider the following fractional hybrid integro-differential equation

9 u(t,y) of uty) B Ou(t,y)
6t<1+e—t>+D <1+e—t Oy?

¢ (18)
= tsin(my) + / e~ =) tanh(u(s, y)) ds,
0
0<y<1,0<t<T,
along with the following boundary and initial conditions
u(t,0) = u(t, 1) =0, (19)
and
u(0,y) =0, ye0,1]. (20)
Here, o € (0,1) and D* denotes the Riemann-Liouville fractional derivative of order a.
Let B = L?(0,1) and define the operator A by Au = —u  with domain D(A) = {u(-) € B :
u,u’ are absolutely continuous, v € B and u(0) = u(1) = 0}. The operator —A generates a compact

analytic semigroup of contractions. Therefore, the resolvent operator (I + A)~! is compact[24].

Let us consider the following functions:
g(t,y) = tsin(ry), p(t)=e"" k(t,u) =tanh(u), f(t)=1+e "
We now proceed to define the associated functions
w:[0,T] - B, ¢:[0,T]|—- B, k:[0,T]x B — B,

s.t.
w(t)(y) = ult, y), 9()(y) = g(t, y), and k(t, u(.)(y) = k(t, u(t,y)).
Similarly, f:[0,7] - R\0and p:[0,7] —R.

Since
9(t)(y) = tsin(my),

for each t € [0, 7],

1 1 2
/ |9(t7y)\2dy = t2/ Sing(ﬂ'y) dy = 5 < 00.
0 0

Hence, g(t,-) € L?(0,1). Thus, g : [0,7] — B is well-defined and continuous. Moreover, g(t,y) is Lipschitz
continuous in ¢ for each y € [0, 1], since

l9(t1,y) — g(t2,y)| < [t1 — ta.

The function p(t) = e~ is continuous and satisfies
Ip(t1) — p(t2)] < [t1 —ta].

Further, the function k(¢,u) = tanh(u) is continuous. For any u € B, we have

k(8 u(y))] = | tanh(u(y))] < 1,
which implies .

| uwpay <1

Hence, k(t,u(-)) € L?(0,1), and therefore the induced mapping

k:[0,T]x B— B
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defined by
k(t,u)(y) = tanh(u(y))

is well-defined. Moreover,
|k(t1,u1) — k(t2,u2)| = |tanh(uy) — tanh(us)| < |t — ta] + Jug — usl.

We have
f@)=1+e" tel0,T).
Now, at t =0,
f0)=1+e=2,

bounds on [0, T]. Since, e~! € [e~T, 1], we obtain

l+e "< f(t)<2
= |[fH) <2

Now,

inf |f(t))=1+e T >0.
té[%,n'f()‘ +e " >0

Thus, there exists a constant m > 0 such that

inf ) >m>0
e 1f(@)] = m >0,

withm=1+¢T.

Therefore, all the hypothesis (H1)-(H6) are satisfied. Consequently, equations (18)-(20) can be reformulated

d [ u(t) a@ w(t) = t — s)k(s,u(s))ds
dt(f(t)>+D <f(t)>+A (t) g(t)+/0p(t )k(s, u(s)) ds,

u(0) = 0.

Hence, all the assumptions of Theorem 4.1 are satisfied. Therefore, the problem defined by (18)-(20) admits
a unique strong solution. This confirms the applicability of the theoretical results to a concrete class of
fractional partial differential equations.

The above example demonstrates that the abstract results obtained in this work are applicable to a
class of fractional partial differential equations involving memory effects and nonlinear perturbations. Such
models naturally arise in the study of heat conduction with memory, viscoelastic materials, and anomalous
diffusion processes.

In particular, the presence of the fractional derivative captures hereditary properties, while the integral
term represents accumulated past effects. The presence of the nonlinear function further captures realistic
interactions within the system. Therefore, this example highlights the practical relevance of the theoretical
results and shows that the developed framework is not limited to purely abstract settings.

6 Conclusion

In this work, we studied a class of fractional hybrid integro-differential equations in a Banach algebra. By
using Rothe’s method, we established the existence and uniqueness of a strong solution under suitable
assumptions. An example was also provided to illustrate the applicability of the obtained theoretical results.

Data availability
All data generated or analysed during this study are included in this published article.

Funding
No funding was received for this article.

CRediT authorship contribution statement

Rajib Haloi: Contributed to the conceptualization, analysis and writing of the manuscript. Monuj
Gogoi: Contributed to the conceptualization, analysis and writing of the manuscript.

R. Haloi, M. Gogoi Vol. 10(2) 2026 25 of 27



Strong Solutions for Fractional Hybrid Integro-Differential Equations

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that

could have appeared to influence the work reported in this paper.

References

[1] Akgil A, Ahmed N, Rano SA, Al-Mdallal Q. A hybrid fractional model for cervical cancer due to
human papillomavirus infection. Int J Thermofluids. 2025;26:101098. doi:10.1016/j.1jt.2025.101098

[2] Lakshmikantham V, Devi V. Theory of fractional differential equations in a Banach space. Eur J Pure
Appl Math. 2008;1(1):38-45. doi:10.29020/nybg.ejpam.v1il.84

[3] Lakshmikantham V, Vatsala A. Basic theory of fractional differential equations. Nonlinear Anal Theory
Methods Appl. 2008;69(8):2677-2682. doi:10.1016/j.na.2007.08.042

[4]  Podlubny I. Fractional differential equations. Mathematics in science and engineering. New York:
Academic Press; 1999.

[6] Zhou Y. Basic theory of fractional differential equations. World Scientific; 2023.

[6] Bahuguna D, Jaiswal A. Application of Rothe’s method to fractional differential equations. Malaya J
Mat. 2019;7(3):399-407. doi:10.26637/MJIMO0703/0006

[7] Dhage BC, Lakshmikantham V. Quadratic perturbations of periodic boundary value problems of second
order ordinary differential equations. Differ Equ Appl. 2010;2(4):465-486.

[8] Dhage BC. A nonlinear alternative in Banach algebras with applications to functional differential
equations. Nonlinear Funct Anal Appl. 2004;9(4):563-575.

[9] Dhage BC, Lakshmikantham V. Basic results on hybrid differential equations. Nonlinear Anal Hybrid
Syst. 2010;4(3):414-424.

[10] Rothe E. Zweidimensionale parabolische Randwertaufgaben als Grenzfall eindimensionaler Randwer-
taufgaben. Math Ann. 1930;102(1):650-670.

[11] Jaiswal A, Bahuguna D. A second order evolution equation with a lower order fractional term in a
Banach space. AIP Conf Proc. 2019;2095(030001):1-13. doi:10.1063/1.5097512

[12] Bahuguna D. Rothe’s method to strongly damped wave equations. Acta Appl Math. 1995;38(2):185-196.

[13] Chaoui A, Hallaci A. On the solution of a fractional diffusion integro differential equation with Rothe
time discretization. Numer Funct Anal Optim. 2018;39(6):643-654. doi:10.1080/01630563.2018.1424200

[14] Ashyralyev A. Well-posedness of the Basset problem in spaces of smooth functions. Appl Math Lett.
2011;24(7):1176-1180. doi:10.1016/j.aml1.2011.02.002

[15] Jaradat H, Awawdeh F, Rawashdeh EA. Analytic solution of fractional integro differential equations.
Ann Univ Craiova Math Comput Sci. 2011;38(1):1-10. doi:10.52846/ami.v38i1.389

[16] Zhao J, Xiao J, Ford NJ. Collocation methods for fractional integro-differential equations with weakly
singular kernels. Numer Algorithms. 2014;65(4):723-743.

[17] Thabet S, Dhakne MB. On abstract fractional integro-differential equations via measure of non-
compactness. Adv Fixed Point Theory. 2016;6(2):175-193.

[18] Bahuguna D. Quasilinear integrodifferential equations in Banach spaces. Nonlinear Anal Theory
Methods Appl. 1995;24(2):175-183. doi:10.1016/0362-546X(94)E0049-M

[19] Guezzane-Lakoud A, Belakroum D. Rothe’s method for a telegraph equation with integral conditions.
Nonlinear Anal Theory Methods Appl. 2009;70(11):3842-3853. doi:10.1016/j.na.2008.07.037

[20] Rektorys K. The method of discretization in time and partial differential equations. Equadiff 5.
1982:293-296.

[21] Kim JU. Semidiscretization method for three-dimensional motion of a Bingham fluid. STAM J Math
Anal. 1990;21(1):53-75. doi:10.1137/0521004

[22] Agarwal S, Bahuguna D. Method of semidiscretization in time to nonlinear retarded differen-
tial equations with nonlocal history conditions. Int J Math Math Sci. 2004;2004(37):1943-1956.
doi:10.1155/S0161171204401173

[23] HuY, Li C, Li H. The finite difference method for Caputo-type parabolic equation with fractional Lapla-
cian: one-dimension case. Chaos Solitons Fractals. 2017;102:319-326. doi:10.1016/j.chaos.2017.03.038

[24] Pazy A. Semigroups of linear operators and applications to partial differential equations. Springer

Science & Business Media; 2012.

R. Haloi, M. Gogoi Vol. 10(2) 2026 26 of 27


https://doi.org/10.1016/j.ijft.2025.101098
https://doi.org/10.29020/nybg.ejpam.v1i1.84
https://doi.org/10.1016/j.na.2007.08.042
https://doi.org/10.26637/MJM0703/0006
https://doi.org/10.1063/1.5097512
https://doi.org/10.1080/01630563.2018.1424200
https://doi.org/10.1016/j.aml.2011.02.002
https://doi.org/10.52846/ami.v38i1.389
https://doi.org/10.1016/0362-546X(94)E0049-M
https://doi.org/10.1016/j.na.2008.07.037
https://doi.org/10.1137/0521004
https://doi.org/10.1155/S0161171204401173
https://doi.org/10.1016/j.chaos.2017.03.038

Strong Solutions for Fractional Hybrid Integro-Differential Equations

[25] Li C, Zeng F. Finite difference methods for fractional differential equations. Int J Bifurcation Chaos.
2012;22(04):1230014. doi:10.1142/50218127412300145

[26] Bahuguna D, Raghavendra V. Rothe’s method to parabolic integro-differential equations via abstract
integro-differential equations. Appl Anal. 1989;33(3-4):153-167. doi:10.1080/00036818908839869

[27] Bahuguna D, Raghavendra V. Application of Rothe’s method to nonlinear Schrédinger type equations.
Appl Anal. 1988;31(1-2):149-160. doi:10.1080/00036818808839821

[28] Podlubny I. Fractional differential equations: an introduction to fractional derivatives, fractional
differential equations, to methods of their solution and some of their applications. Vol. 198. Elsevier;
1998.

R. Haloi, M. Gogoi Vol. 10(2) 2026 27 of 27


https://doi.org/10.1142/S0218127412300145
https://doi.org/10.1080/00036818908839869
https://doi.org/10.1080/00036818808839821

	Introduction
	Assumptions and preliminaries
	 Discretization scheme and a-priori estimates
	Time Discretization
	L1 Method for the Fractional Derivative
	Construction of the Semi-Discrete Scheme
	A Priori Estimates

	 Main results
	Example
	Conclusion

